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Transversal Designs and 
Doubly-resolvable Designs 
R. FUJI-HARA AND S. A. VANSTONE* 
A problem which has recently attracted much interest is to arrange the blocks of a {v, k, 1)-BIBD 
into some of the cells of a square array such that each element of the design occurs in precisely one 
cell of each row and column of the array. For k = 2, the problem has been completely settled. For 
k "" 3, two papers have appeared which show that there exist values of v for which this is possible. In 
this paper, we show that the constructions given in these papers are a special case of a more general 
result involving transversal designs. 
1. INTRODUCTION 
An (r, I)-design D is a collection ::YJ of subsets (blocks) from a finite set V of elements 
(varieties) with the properties 
(1) every element of V is contained in precisely r blocks of [JjJ 
(2) every pair of distinct elements is contained in exactly one block. 
If all blocks of D have the same cardinality (size), then D is called a balanced incomplete 
block design (BIBD) with parameters (v, k, 1) where v = I Vi, and k is the block size. 
An (r, I)-design D is said to be resolvable if the blocks of [JjJ can be partitioned into 
classes (resolution classes) RI> R 2, . .. ,Rr such that each variety of D is contained in 
exactly one block of each class. Such a partitioning is called a resolution of D. It is well 
known [2] that there exists a resolvable (v, k, 1)-BIBD for k = 2,3 and 4 if and only if 
v == k(mod k(k -1)). 
In this paper, we are interested in multiple resolutions of an (r, I)-design. These 
resolutions are required to interact in a special way. Let D be an (r, I)-design having 
resolutions R 1 and R 2 with resolution classes R I> R2, ... , Rr and R;, R~, .. . , R; respec-
tively. The resolutions R 1 and R2 are called orthogonal provided 
IRi 11 R j I ~ 1 for 1 ~ i, j ~ r. 
If D contains a pair of orthogonal resolutions, then D is said to be doubly resolvable. 
Suppose D is a doubly-resolvable (r, I)-design with orthogonal resolutions R 1 and R2. 
Form an r x r array A by indexing the rows and columns of A with the resolution classes of 
Rl and R2 respectively. In cell (R;, Rj) of A place the block Ri I1Rj if Ri I1Rj ~ 0, 
otherwise, let (Ri, R j) remain empty. From the properties of R 1 and R 2, it is easily seen 
that A has the following properties: 
(1) every cell of A is either empty or contains a block of D, 
(2) every element of D is contained in precisely one cell of each row and column of A, 
(3) every pair of distinct varieties of D is contained in exactly one cell of A. 
A is called a generalized Room square (GRS) and is denoted A(r, 1; v) if D contains v 
varieties. In the special case when D is a doubly-resolvable (v, 2, 1)-BIBD, A is a Room 
square (see [4]). Room squares are known to exist for all v == 0 (mod 2) except v = 4 and 6 
in which case they are known not to exist. An interesting problem is, for a fixed value of r, 
to determine the largest v such that an A(r, 1; v) exists. If we denote this largest value by 
R(r, 1), it is known [5] that 
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Until recently, it was not known whether R (r, 1) ~ 2r for any r. In [3], it was shown that for 
certain values of r, R(r, 1) is 0(r3 / 2 ). Until recently, it was also not known whether there 
exist doubly-resolvable (v, k, l)-BIBDs for any k ~ 3. In [3], it was shown that such do 
exist whenever k is a prime power. 
In this paper, we give a synthetic proof of the results obtained in [3]. This proof requires 
the use of transversal design which we now define. A transversal design, TD(m, t) is a pair 
(X, 00) where X is a union of mutually disjoint sets Gi , 1,,;;; i,,;;; t, (groups) of elements 
(varieties) of cardinality m and 00 is a set of t-subsets (blocks) of X with the property that 
any B E 00 contains precisely one element from each G;, 1 ,,;;; i ,,;;; t, and two elements from 
distinct groups are contained in exactly one block of ~. 
A transversal design T2 = (X2, 002) is a subdesign of a transversal design T1 = (Xl. ~1) if 
X 2 S;;; Xl and, for each B E 002, there exists a B' E 00 1 such that B S;;; B'. 
2. THE CONSTRUcrION 
Suppose there exists a TD(t 2 , t + s + 2) which contains, as a subdesign, a TD(t, t + 1). In 
this section, we give a construction for a doubly resolvable (t 2 + t + 1, i)-design having t2s 
varieties. The construction generalizes a result of Mathon and Vanstone [3] and a 
construction of Dickey and Fuji-Hara [1]. This will be discussed in more detail in Section 3. 
The construction is similar to that in Dickey and Fuji-Hara [1]. 
Let T1 be a TD(t2, t + s + 2) which contains a TD(t, t + 1), T2, as a sUbdesign, and such 
that 1,,;;; s,,;;; t + 1. Letthe groups of T1 be A, Bb B 2 , ••• , B'+b Cb ..• , C., all of cardinality 
t 2 , and the groups of T2 be 
l,,;;;i,,;;;t+l, where IB;I=t. 
Let Db D 2 , • •• , D,4_,2, Eb E 2 , ••• , E t2 be the blocks of T1 where the blocks 
Flo F2, ... , F,2 of T2 are such that 
FicEi, 
Clearly, X 2 = U;:~ B; is the symbol set on which T2 is defined and Xl = 
(U;:~ B i ) u (U:=~ C;) uA is the symbol set on which T1 is defined. Since T1 is a TD, each 
block E;, 1,,;;; i ,,;;; t , contains exactly one element of q, 1 ,,;;; j ,,;;; s. For every point a E X 2 , 
define the block 
B(a, j) = {/3 E q: /3, a E Eh for some h, 1,,;;; h,,;;; t2}. 
Since a is contained in t of the Ej> 1 ";;;j,,;;;t2 , then IB(a,j)1 = t. Let OOj ={B(a,j): a EX2}. 
Then OOj is the set of blocks for a finite affine plane of order t for each j = 1, 2, ... , s. The 
parallel classes of the plane are 
Pji ={B(a,j): a EBa, 
This can easily be seen by the following argument. Consider a E B;, a' E B j (i ¥- j). Since T2 
is a TD, a, a' are contained in precisely one block Fe of T2 • But Fe C Ee and there exists 
/3 E q such that /3 E Ee. Hence, /3 E B(a, j) n B(a', j). Therefore, blocks from distinct 
parallel classes intersect and blocks within a parallel class are, of course, parallel. Since 
there are t + 1 parallel classes, the assertion follows. 
Let 
s 
C=UCi 
i=l 
and define 
Now 
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D:=CnD j , 
E:=CnEj , 
1.;;; i.;;; t4 - t2 
1.;;; i.;;; (2. 
~ = {D:: 1.;;; i .;;; (4 - t2} u {E:: 1.;;; i.;;; (2} u (U gJj) 
1=1 
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is the set of blocks defined on the variety set C and they form a ((2 + (+ 1, 1)-designD. This 
follows since any element f3 E C is contained in (2 of the blocks D: or E:, 1.;;; i.;;; (4 - t2 and 
in (+ 1 of the blocks in some ~j. If a, a' E q, then a, a' are contained in a unique block of 
Pilj. If a E Cj, a' E Ck (j ;c k), a, a' are contained in a unique block D: or E: for some i, since 
Tl is a transversal design. We now show that D is doubly resolvable. Let 
R~={Dj: yEDj}u{Ej: yEEJ, yEA. 
Since y must occur with each element of C precisely once in the blocks of T1, R ~ is a 
resolution class of C. Let 
s 
Sj = U Pj.j+j-l, 
j=1 
(j + i -1 is reduced modulo t + 1) 1.;;; i.;;; t + 1. 
Sj is a parallel class of C. Therefore, 
Rl={R~: yEA}u{Sj: 1.;;;i.;;;(+1} 
is a resolution of the blocks of D. For each a E X 2 , let 
R~ ={Dj: a EDj}u{B(a,j): 1.;;;j.;;;s}, 
and 
Now 
R2 ={R~ : a EX2}uR;, 
is also a resolution of the blocks of D. We now show that Rl and R2 are orthogonal 
resolutions. 
Consider R ~ E R, yEA and R ~ E R 2. Since y, a are contained in exactly one block of ~, 
then IR ~ n R ~ I.;;; 1. The inequality, rather than equality, occurs because 'Y and a may be 
contained in some E j• Since y is contained in precisely one of the Ej, IR ~ n R;, I = 1. 
Now, consider Sj, 1.;;; i.;;; t+ 1. Clearly, Sj nR;, = 0. Sj can only meet the resolution 
class R; in the blocks B(a, j), 1.;;; j.;;; s. Recall 
But 
s 
Sj = U Pj,j+j-l, 
j=1 
B(a, j) E Pj,j+j-l if and only if ~ E ~j+i-l. 
Thus, for fixed i, there is at most one Pj•j + j - 1 (1.;;; j.;;; s) which contains a B(a, j), 1.;;; j.;;; s, 
I 21' 1 2 and therefore, Sj n R.. .;;; 1. This completes the proof that Rand R are orthogonal 
resolutions. 
We summarize the results of this section in the following theorem. 
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THEOREM 2.1. If there exists a TD(t2,t+s+2), 1.;;;s.;;;t+1, which contains a 
TD(t, t + 1) as a subdesign, then there exists a doubly resolvable (t 2 + t + 1, 1)-design having 
t2s varieties and blocks of size sand t. 
3. MAIN RESULTS 
Certain ramifications of the construction given in the previous section are now consi-
dered. The following theorem first appeared in [3]. 
THEOREM 3.1. Let q be a prime power. Then, there exists a doubly-resolvable 
(q2 + q + 1, 1)-design having q3 + q2 varieties and blocks of size q and q + 1. 
PROOF. Let GF(q) and GF(q2) be the Galois fields of orders q and q2 respectively. Let 
Ml = {~3, ~4, ... , ~q+l} be the set of non-zero elements in GF(q) and M2 = 
{Aq +2 , Aq +3 , ••• , A2q +3} be any set of q + 2 elements from GF(q2)\GF(q). Define 
and 
X = {(x, i): x E GF(q2), 1.;;; i.;;; q + 1} 
Lxy = {x, 1), (y, 2)}U{(~iX + y, i): ~i EMi, 3.;;; i.;;;q + 1} 
U{(AiX +y, i): Ai EM2, q +2.;;; i .;;;2q +3} 
for all x, y E GF(q2). 
LetDxy = L xy, if x and ye GF(q), andExy = L xy, otherwise. If 00 = {Lxy: x, y E GF(q2)} then 
(X, 00) is a TD(q2, 2q +3) which contains a TD(q, q + 1). The blocks ofthe TD(q, q + 1) are 
contained in the Exy blocks. The result now follows from Theorem 2.1. 
The next theorem appears in the paper of Dickey and Fuji-Hara [1]. 
THEOREM 3.2. If there exists a finite projective plane of order t2 which contains a Baer 
subplane of order t, then there exists a doubly-resolvable (t 2 + t + 1, 1)-design containing t2s 
varieties (1.;;; s';;; t + 1) and blocks of size t and s. 
Having a finite projective plane of order t2 containing a Baer subplane, it is possible to 
construct a TD(t2, t + s +2) containing a TD(t, t + 1) for any s, 1.;;; s';;; t + 1. The theorem 
now follows from Theorem 2.1. 
As a consequence of Theorem 3.2, if we put t = s = q then we have established the next 
result. 
THEOREM 3.3. For q a prime power, there exists a doubly-resolvable (q3, q, 1)-BIBD. 
In [3], it was shown that doubly-resolvable (v, k, 1)-BIBDs are PDB closed. It is known 
that, in the case of k = 3, there is no doubly-resolvable (9, 3, 1) or (15, 3, 1). By Theorem 
3.3, there is a doubly-resolvable (27,3, 1)-BIBD. The existence of a doubly-resolvable 
(21,3, 1)-BIBD is unknown. It remains an open question as to the spectrum of such 
designs. It seems likely that there exists a doubly-resolvable (v, 3, 1)-BIBD for all 
v == 3(mod 6), v ;;::: 27. 
As a closing remark, we note that the BIBDs of Theorem 3.3 have the parameters of the 
design formed from the lines in the Euclidean geometry EG(3, q). From the construction 
of Section 2, we see that the doubly-resolvable design formed inherits an isomorphic copy 
of the affine plane associated with the sub TD(t, t + 1). Since this plane can be non-
Desarguesian, the doubly resolvable design of Theorem 3.3 need not be the lines of 
EG(3, q). 
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